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Abstract
High-index objects constitute nanoscale optical conduits for the displacement current den-
sity field as its normal component to the object walls vanishes. In this paper, we demonstrate
that by squeezing the section of a high-index ring resonator, the conservation of the flux of dis-
placement current density naturally imposes the enhancement and localization of the electric
field in both the interior of the resonators and in the external space. We verify this general
principle in high and moderate- index resonators under different excitation conditions.
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The material composition of an optical res-
onator may have profound impact on its elec-
tromagnetic scattering properties. Metallic
nanoresonators, if very small compared to the
operation wavelength in vacuum, give rise to
plasmonic resonances that can be described
within the electroquasistatic approximation of
the Maxwell’s equations.1–5 High local electric
fields could be then achieved by means of mech-
anisms, such as the tip-shape effects in objects
with sharp edges or through capacitive coupling
in closely spaced metal objects.6 Although ra-
diative effects can be also exploited to further
enhance the local electric field (e.g.7), they usu-
ally play a minor role.
Unfortunately the performance of plasmonic
devices are hampered by metal dissipation.8
The promise of overcoming material losses in
plasmonic objects have stimulated the research
in high-index dielectric resonators.9–14 Silicon-
made resonators, in both periodic15 and non-
periodic16 arrays, have been already proposed
as diagnostic platforms for the screening of can-
cer biomarkers and for the design of chiral sens-
ing platforms.17–20
Contrarily to plasmonic resonators, the res-
onances in high-index dielectric nanoparticles,
much smaller than the wavelength of the in-
cident light, can be successfully modeled by
the magnetoquasistatic approximation of the
Maxwell’s equations, where the normal compo-
nent of the displacement current density van-
ishes on the surface of the object.21 The ex-
istence of such a profound difference between
these two types of resonators suggests that
strategies inspired by the electroquasistatic
model, which are very effective in metal res-
onators, may not be as good in enhancing local
fields in high-index resonators.
Several scientific contributions have already
investigated the field enhancement and localiza-
tion in high/moderate index resonators.9,22–24
Some of them have highlighted that electric
field hot spots are typically localized in the
interior of the resonator,25 in sharp contrast
with plasmonic resonators. Although, this is
certainly an advantage for non-linear applica-
tions,26–29 it constitutes a limitation when the
goal is to enhance the emission from nearby
molecules or quantum emitters. Aware of this
limitation, in Ref.30 , the authors introduced a
clever strategy to generate an external hotspot
making a slot aperture in a high-index dielectric
disk, achieving very significant enhancement of
the electric field, based on the action of the so
called toroidal dipolar mode (or HEM12δ in di-
electric antenna resonator literature) of a disk.
A very effective strategy was proposed also in
Ref.31 where the authors exploited the jump of
the normal component of the electric field at the
interface between a high-index dielectric mate-
rial and the air to enhance the electric fields.
Figure 1: Sketch of a portion of the resonator
having varying cross section. ΣS is a portion of
the physical boundary of the resonator, Σ1 and
Σ2 are purely mathematical surfaces contained
in the interior of the resonator.
Given the complementary nature of plas-
monic and dielectric resonances, the problem of
achieving high field enhancement in high-index
objects requires renovated methods, which can
be inspired by inherent properties of magneto-
quasistatic resonances. Engheta et al.32 already
envisioned that high-index materials can play
the role of nanoscale optical conduits for the
displacement current density field, analogously
to the role that wire conductors play for direct
currents in electric circuits. In this paper, we
further carry on this analogy, introducing a rad-
ically new strategy to achieve high electric field
enhancement both in the inside and outside of a
high-index resonator. Our strategy is based on
the flux conservation of the displacement cur-
rent density field in dielectric resonators. In
fact, as a reduction of the section of a wire
conductor entails a local increase of the current
density; analogously, a reduction in the section
of the high-index material is connected with
an increase of the displacement current density
and therefore of the electric field.
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The platform of choice for the demonstration
of this principle is a ring resonator, where the
fundamental magnetoquasistatic mode, namely
a displacement current density loop associated
to a magnetic dipole, is engineered by squeezing
the section of the ring, introducing a bottleneck.
Because the flux of the displacement current is
conserved, the magnitude of the current density
has to increase to compensate the decrease of
the section. As a result, the electric fields are
also enhanced outside of the resonator, thanks
to the continuity of the tangential component
of the electric field.
Figure 2: Top view of the three investigated
ring resonators: the whole ring (a), the split
ring (b) and the ring with a bottleneck (c),
with minor radius r, major radius R = 2r, and
height h. The width of the ring is w0 = r. In
the split ring, we removed and angular sector
of aperture θ. In (c), the bottleneck has width
w.
We apply this principle to high and moderate-
index resonators, showing strong localization
and enhancement of the electric field, which
may be promising for surface-enhanced molec-
ular spectroscopies33 or single-photon emis-
sion enhancement,34 surface-enhanced Raman
spectroscopy,35 single-molecular detection and
biosensing.36,37
Flux Conservation in High Index Res-
onators
Let us consider a homogeneous, isotropic, non-
magnetic linear material having relative permit-
tivity εR. It occupies a bounded domain Ω,
with regular boundary ∂Ω . We define its char-
acteristic size lc as a chosen linear dimension of
the object and its size parameter x = 2pilc/λ,
where λ is the vacuum wavelength. Here, we
briefly recall some of the properties of magne-
toquasistatic resonances of high-index dielectric
objects, introduced in Ref.21 These are con-
nected to the eigenvalues of a magnetostatic in-
tegral operator Lm that gives the vector poten-
tial as a function of the displacement current
density field Jd:
y2n Lm
{
Jdh
}
(r˜) = Jdh (r˜) ∀r˜ ∈ Ω (1)
with the condition
Jdh (r˜) · nˆ (r˜) = 0 ∀r ∈ ∂Ω (2)
where
Lm
{
Jd
}
(r˜) =
˚
Ω˜
Jd (r˜′)
|r˜− r˜′|dV˜
′ (3)
r˜ = r/lc, Ω˜ is the scaled domain, ∂Ω˜ is the
boundary of Ω˜, nˆ is normal to ∂Ω pointing in
the vacuum region. Equation 1 holds in the
weak form in the functional space constituted
by the functions which are div-free within Ω and
having zero normal component and equipped
with the inner product
〈A,B〉Ω =
˚
Ω
A ·B dV (4)
The magnetoquasistatic oscillations associ-
ated to the current density eigenmodes Jdh arise
from the interplay between the polarization en-
ergy stored in the dielectric and the energy
stored in the magnetic field. The spectrum
of the magnetoquasistatic operator Lm is dis-
crete.21,38 The current mode Jdh resonance is
characterized by a real and positive eigenvalue
yn, which is size-independent. The induced
current density fields Jdh have a non-zero curl
within the particle, but are div-free and have
a vanishing normal component on the particle
surface.
The resonance angular frequency ωh of the h-
th resonance is given by:
ωh =
c
lc
√
εR
yh (5)
The resonant electric fields Eh are immedi-
ately connected to the eigenvalue yn and to the
displacement current density mode Jdh through
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the relation:
Eh =
µ0l
2
c
y2n
Jdh (6)
The normal component of the displacement
current density field vanishes on the surface of
the object: this immediately implies that the
flux of the displacement current density field
mode through any portion of the boundary of
the high-index resonator vanishes.
In the following, we turn this property into a
strategy for enhancing the electric field in high-
index resonators. Let us consider a closed sur-
face Σ, which is the union of three sections Σ1,
Σ2, ΣS such that Σ = Σ1∪Σ2∪ΣS, as sketched
in Fig.1. ΣS is a portion of the resonator bound-
ary ΣS ⊂ ∂Ω, where the normal component of
the current density vanishes, while Σ1 and Σ2
are purely mathematical surfaces contained in
the interior of Ω, with normal unit vector nˆ1
and nˆ2 and surface areas A1 and A2. There-
fore, we have:
¨
Σ1
Jdh · nˆ1 dS˜ ′ =
¨
Σ2
Jdh · nˆ2 dS˜ ′ (7)
Eq. 7 holds for any mode h of any high-index
resonator. We now make the additional as-
sumption that there exists a density current
mode, e.g. Jdh (r), which is directed along nˆ1
and nˆ2 on the surfaces Σ1 and Σ2, respectively
Jdh (r) = J
d
h,i (r) nˆi r ∈ Σi i = 1, 2 (8)
and we also assume that the corresponding flux
is non-vanishing. In the next section, we show
that a high-index ring resonator exhibits topo-
logically protected modes satisfying these hy-
potheses. By using Eq. 8 in Eq. 7 we obtain:
〈Jdh,1〉Σ1
〈Jdh,2〉Σ2
=
A2
A1
(9)
where 〈Jdh,i〉Σ1 is the average of Jdh,i on Σi. By
combining Eqs. 6 with Eq. 9, we directly obtain
that 〈Eh,1〉Σ1
〈Eh,2〉Σ2
=
A2
A1
(10)
where 〈Eh,i〉Σi is the average of the electric field
on Σi. Equation 10 is the central result of
this paper and constitutes a general principle
to achieve high field enhancement in high-index
resonators. By squeezing the section of the res-
onator, as schematized in Fig. 2c, the average
electric field of the mode increases to keep the
flux constant counterbalancing the reduction of
the surface area.
Magnetoquasistatic modes
Figure 3: Magnetoquasistatic displacement
current density modes of ring resonators with
minor radius r, major radius R = 2r and height
h R. Whole ring (a), split ring (b), and ring
with a bottleneck of width w = w0/6 (c). Pairs
of degenerate modes are enclosed in red boxes.
Looking for a mode that could be a suit-
able candidate to apply the flux-conservation
design principle, we investigate the magneto-
quasistatic modes of a dielectric ring. Dielec-
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tric ring resonators have been recently stud-
ied experimentally by Zenin et al. to con-
trol scattering directionality.39 Here, we inves-
tigate the ring sketched in Fig. 2a with minor
radius r and major radius R, with R = 2r,
corresponding width w0 = R − r = r, and a
thickness h. To simplify our analysis, and only
within the current subsection, we make the ad-
ditional assumption that the ring has thickness
h much smaller than R: under this hypothe-
sis we can use the approximated method intro-
duced in Ref.40 to calculate the magnetoqua-
sistatic modes of the ring, instead of the three-
dimensional but more computationally inten-
sive, method presented in.21
The first seven modes exhibited by the ring
resonator are shown in Figure 3a. As long as
h lc the current modes are independent of h.
The fundamental mode Jd1 exhibited by the
ring is a displacement current loop circulat-
ing along the toroidal direction, shown at the
top of Fig. 3a. The next modes are the cou-
ple of degenerate modes Jd2−3 associated to two
counter-rotating loops of current density field,
corresponding to two counter-directed magnetic
dipole moments. Higher order modes Jd4−5 J
d
6−7
have an increasing number of current loops,
where adjacent loops are counter-rotating.
The fundamental mode Jd1 mode represents
the ideal candidate for the proof of concept of
the introduced principle because I) the current
density is always directed along the toroidal
direction and II) the associated flux is non-
vanishing. In particular, on the two sections Σ1
and Σ2 the displacement current density is di-
rected along the corresponding normal unit vec-
tor nˆ1 and nˆ2, respectively. It is worth noticing
that the remaining modes Jd2−8 shown in Fig. 3
exhibit a vanishing flux at any section of the
ring, and are not useful for our goals.
Thus, we introduce a bottleneck of width w in
the ring in correspondence of the angular sector
of aperture ∆θ = 10◦ as shown in Fig. 2b. We
investigate in Fig. 4 the change of the funda-
mental magnetoquasistatic mode as the bottle-
neck reduces w/w0 in the interval (1, 0.17). As
long as the width w of the bottleneck remains
finite, the topology of the domain preserves the
existence of the loop mode. Moreover, as the
width w is reduced, the amplitude of the dis-
placement current density is enhanced within
the bottleneck to keep the flux of Jd1 constant.
To support this claim, in Fig. 5 we show, with
a black line, the relative variation of the flux of
the displacement current density of the funda-
mental magnetoquasistatic Jd1 between the two
sections Σ1 and Σ2, located in the same posi-
tions as in Fig. 4 as a function of w/w0. In
the investigated w/w0 range, the flux variation,
|Φ2 − Φ1| /Φ1 is lower than 5%, confirming our
design principle.
We also show, in Fig. 3c, the first magne-
toquasistatic modes of the ring with the bot-
tleneck of width w = w0/6. The higher-order
modes, shown in Figure 3b, are only slightly af-
fected by the introduction of the bottleneck. In
particular, the symmetry breaking lifts the de-
generacy of the modes in Fig. 3a, but since the
net-flux of the corresponding modes through
any section of the ring in the column (a) is zero,
we do not observe any field localization within
the bottleneck.
To further underline the role played in this
case by the topology, we also perform a modal
analysis on the split ring resonator in Figure 3b.
The displacement current density loop embrac-
ing the whole structure does not exist in this
case, due to the different topology (genus) of the
object. The remaining modes are less affected
by the change in the topology of the structure.
Full-wave analysis
So far, we have investigated the modes of the
ring resonators, which were inherently indepen-
dent of the excitation conditions. In this sec-
tion, guided by the previous modal analysis, we
turn to the solution of the full-wave 3D scat-
tering problem in the presence of an external
excitation using finite-element-method simula-
tions, carried out in COMSOL Multiphysics.
It is important to point out that a plane wave,
linearly polarized in the plane of the ring and
propagating orthogonally to it, is not able to
excite the fundamental loop of the displace-
ment current density, reported in Fig. 4. Never-
theless, thanks to the dephasing, a plane wave
propagating within the plane of the ring, or an
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Figure 4: Fundamental magnetoquasistatic mode in ring resonators for rings with bottlenecks of
different widths w, in such a way that the ratio w/w0 is equal to 1 (w = w0 - whole ring), 0.67,
0.5, 0.33, and 0.17. An evident field localization is achieved by decreasing w/w0.
Figure 5: Relative variation of the flux (%) be-
tween the cross sections Σ1 and Σ2 of the ring
resonatoras a function of the bottleneck relative
width w/w0. Σ1 is located in the unperturbed
region, Σ2 in the middle of the bottleneck. The
analysis has been performed for the fundamen-
tal magnetoquasistatic modes of a ring (R = 2r,
h  R) (black squares) and for the field dis-
tribution at the peak obtained by finite ele-
ment simulation for high-index rings (red cir-
cles) (R = 2r, h = R/10), and silicon rings
excited by an electric point dipole (blue trian-
gles) and a plane wave polarized in the plane of
the ring (purple stars).
electric dipole located in proximity of the ring
may be able to excite it. A dipolar excitation
may represent a model of an emitting molecule,
a quantum dot, or metal nanoparticle located
nearby. In the following, we consider both the
aforementioned scenarios.
In Figure 6, we investigate high-index ring
resonators with high relative permittivity εR =
100 − 2i. The ring resonator has rectangular
cross section, with minor radius r, major ra-
dius R = 2r and thickness h = R/10 (see
Fig. 2), centered in the origin of a Carte-
sian coordinate system with its flat faces par-
allel to the xy plane. In all the investigated
cases, to improve numerical convergence, we in-
troduced a smoothing of the bottleneck corners
(fillet) with curvature radius of r/15. The ring
is excited by an electric dipole oriented along
yˆ and positioned in the point (−d, 0, 0) where
d = 3r. Besides the whole ring, two other ge-
ometries are investigated: a split ring shown in
Fig. 2b where is entirely removed, and a ring
where, in correspondence of a sector of angu-
lar aperture ∆θ = 10◦, we introduce a bottle-
neck of width w (Figure 2c). The total electric
field EP (rP), solution of the full-wave electro-
magnetic problem, is probed in two different
points, shown in Fig. 2: the first one is located
within the dielectric region in the middle of the
bottleneck at the position rP1 =
(
r + w
2
, 0, 0
)
,
the second is located in the air at the position
rP2 =
(
r + w0+w
2
, 0, 0
)
. In these two points,
we also calculate the electric field E0 (rP ) gen-
erated by the exciting dipole, when it is free-
standing, namely in the absence of the dielec-
7
Figure 6: High index (εR = 100 − 2i) ring resonator with major radius R, minor radius r = R/2,
thickness h = R/10, and bottleneck relative widths w/w0, excited by a dipole at a distance d (inset
in the Figure). Field enhancements as a function of the free-space wavelength, probed at the points
in the dielectric region rP1 (a), and in vacuum rP2 (b). The plots also include the field enhancement
of the whole ring. Electric field distributions at the fundamental mode resonant peak, indicated by
the red arrow, (c) and at the peak of the second resonant mode, indicated by the green arrow, (d)
for different w/w0 values. A zoomed-in view of the bottleneck regions and a table reporting the
FE values, corresponding to the different ratios w/w0, inside and outside the structures are also
included.
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tric object. The electric field enhancement FE
is defined as the ratio of these two quantities:
FE (rP, λ) =
‖EP (rP, λ)‖
‖E0 (rP, λ)‖ (11)
We show the field enhancement spectrum
as a function of the free-space wavelength for
the ring with several relative bottleneck widths
w/w0 in correspondence of rP1 (Fig. 6a) and
rP2 (Fig. 6b). In both cases, the FE spectrum of
the whole ring resonator (w = w0) is also shown
for comparison. Since the electric fields of the
fundamental mode is tangent to the boundary
of the ring, and the tangential component of
the electric field are always conserved, the elec-
tric field enhancement values in in Fig. 6a are
roughly the same of the values in Fig. 6b.
As we reduce the bottleneck width w the
peak value of field enhancement increases from
maxλ {FE (rP1, λ)} = 11, for w = w0, to
maxλ {FE (rP1, λ)} = 83, for w/w0 = 0.0067.
The peak position undergoes a blue shift, as
also expected by the modal analysis.
Figure 6c shows the electric field distribution
within the bottleneck of the investigated high-
index resonator, which increases by reducing
the ratio w/w0.
In Fig. 5, we calculate the variation of the flux
of the electric field between two cross sections
of the ring. It is worth to note that, differently
from what we did in the previous section, here
the analysis is performed on the state of the
electric field, and not on the modes. We choose
two sections Σ1 and Σ2, as shown in Fig. 4:
Σ1 in the proximity of the bottleneck , while
Σ2 crossing the bottleneck at its midpoint. We
conclude that for w ≥ 0.15w0 the flux under-
goes a variation of less than 10%. Consistent
violations of the flux conservation happen only
for values of w less than 0.1w0.
We now also analyze the second mode (see
Fig. 3), which is associated to the second peak
appearing at higher frequencies, in Figure 6a-b.
This mode exhibits vanishing flux at any sec-
tion of the ring, therefore, in this case, the flux
conservation does not imply field enhancement.
As expected, the field enhancement is signifi-
cantly lower. An appreciable increase of the
field enhancement is obtained only when the
ratio w/w0 reaches very low values (less than
0.067), but this is mainly due to the partial
overlap with the first mode. The field distri-
butions in correspondence of the second peak
(from the right to the left), in Figure 6d sup-
ports our thesis.
Although permittivities of values 100 and
higher are routinely available at microwaves fre-
quencies for several applications including fil-
ters, resonators and antennas,41–44 in the visi-
ble or near infrared only materials with moder-
ate permittivities, such as Silicon or GaAs are
currently available. In the following, we con-
sider silicon rings, with εR = 15.45 − 0.1456i.
The ring resonator has major radius R = 100
nm, minor radius r = R/2, thickness h = 100
nm, and different bottleneck widths w/w0. In
this case, the hypotheses behind the magneto-
quasistatic approximation are not fully verified,
and a non-vanishing normal component of the
displacement current density Jd1 to the bound-
ary of the particle arises, causing a dispersion
of the flux of Jd1 and a consequent reduction of
the maximum achievable field enhancement.
In Fig. 7, we plot the field enhancement as
a function of the incident wavelength in free-
space spanning between 400 and 1200 nm, cor-
responding to y ∈ [2.09, 6.28]. In figure 7a, the
field enhancement FE is reported.
It is immediately apparent that the values
of field enhancement reached by introducing a
bottleneck in the silicon ring are lower. For in-
stance, the field enhancement FE obtained for
w/w0 = 0.067 is about 25×, compared to about
50× achieved in the previous case. This is be-
cause, for objects of moderate permittivities,
the hypotheses behind the magnetoquasistatic
approximation are not fully verified, and a non-
vanishing normal component of the displace-
ment current density Jd1 to the boundary of the
particle arises, causing a dispersion of the flux
of Jd1 and a consequent reduction of the max-
imum achievable field enhancement. To sub-
stantiate this claim we show in Fig. 5 the varia-
tion of the flux between two sections of the ring.
For a bottleneck of section w = 0.2w0 = 10nm,
about 40% of the flux is dispersed.
Although the electric dipole, considered so
9
Figure 7: Moderate index (εR = 15.45 − 0.1456i) ring resonator with major radius R = 100 nm,
minor radius r = R/2, thickness h = 100 nm, and different bottleneck widths w/w0, excited by a
dipole as exemplified in Fig. 1. (a) Field enhancement as a function of the free-space wavelength,
probed in the dielectric region at the point rP1. The plot also includes the field enhancement of
the whole ring. (b) Electric field distribution at the resonant peak of the fundamental mode for
different bottleneck width ratios w/w0. A zoomed-in view of the bottleneck regions and a table
reporting the FE values, corresponding to the different ratios w/w0, inside the structures are also
included.
Figure 8: Moderate-index (εR = 15.45− 0.1456i) silicon ring resonator with major radius R = 300
nm, minor radius r = R/2, thickness h = 160 nm, and different bottleneck widths w/w0 in the
range [0.0067, 1], excited by a plane wave polarized along x and propagating in the plane of the
ring in the y direction. (a) Field enhancement as a function of the free-space wavelength, probed
in the dielectric region, in correspondence of rP1. The plot also includes the field enhancement of
the whole ring. (b) Electric field distribution at the resonant peak of the fundamental mode for
different bottleneck width ratios w/w0. A zoomed-in view of the bottleneck regions and a table
reporting the FE values, corresponding to the different ratios w/w0, inside the structures are also
included.
far as excitation, may be in principle practi-
cally implemented by an emitting molecule, a
quantum dot, or metal nanoparticle small com-
pared to the wavelength, this may be challeng-
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ing to implement experimentally, therefore here
we also provide the analysis of the implemented
resonator when it is illuminated a plane wave
linearly polarized along x and propagating in
the plane of the ring in the y direction. During
its in-plane propagation the electric field under-
goes a dephasing, which enables the excitation
of the fundamental current density mode. We
consider a silicon ring with R = 300 nm r = 150
nm, h = 160 nm and w0 = r. The fundamental
mode of the whole ring (w/w0 = 1) is excited
at λmax = 1940 nm. In Fig. 8 we plot the field
enhancement in the point rP1, within the bot-
tleneck, as a function of the incident wavelength
in free-space spanning between 1050 and 2500
nm. Also in this case we note that, by reducing
the relative bottleneck width, a stronger local-
ization and enhancement of the electric field is
obtained, as apparent from Fig. 8b.
Conclusions
The operation of metal and high-index res-
onators is governed by two complementary
long-wavelength limits of the Maxwell’s equa-
tions, therefore the mechanisms behind the
electric field localization and enhancement are
expected to be inherently different. Specifically,
resonances in high-index small dielectric objects
can be modeled by the magnetoquasistatic ap-
proximation of the Maxwell’s equations, where
the normal component of the displacement cur-
rent vanishes on the surface of the object. As
a consequence, the flux through any portion of
the resonator boundary vanishes.
In this letter, we demonstrated that by
squeezing the section of a high-index resonator,
the conservation of the flux of the displacement
current density dictates enhancement and local-
ization of the electric field. We apply this design
principle to a high-index ring resonator, show-
ing that by squeezing its section through the
introduction of a bottleneck, the displacement
current density in correspondence of the bot-
tleneck is increasingly enhanced as the width
is reduced to keep the flux constant. Further-
more, due to the boundary conditions, the en-
hancement of the field is achieved in both the
internal and external regions. Then, we con-
sider a ring made of a moderate-index dielec-
tric, where the hypotheses behind the magne-
toquasistatic approximation are only partially
verified. Even though the achieved enhance-
ment is reduced with respect to the previous
ideal case, it is still very significant and compa-
rable in magnitude to alternative status-of-the-
art approaches based on electric toroidal dipole
resonances.
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